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Osmotic Pressure of Permeable Ionic Microgels: Poisson-Boltzmann Theory and
Exact Statistical Mechanical Relations in the Cell Model
Alan R. Denton∗ and Mohammed O. Alziyadi
Department of Physics, North Dakota State University, Fargo, ND 58108-6050, USA
Ionic microgels are soft colloidal particles, composed of crosslinked polymer networks, that ionize
and swell when dispersed in a good solvent. Swelling of these permeable, compressible particles
involves a balance of electrostatic, elastic, and mixing contributions to the single-particle osmotic
pressure. The electrostatic contribution depends on the distributions of mobile counterions and
coions and of fixed charge on the polymers. Within the cell model, we employ two complementary
methods to derive the electrostatic osmotic pressure of ionic microgels. In Poisson-Boltzmann (PB)
theory, we minimize a free energy functional with respect to the electrostatic potential to obtain
the bulk pressure. From the pressure tensor, we extract the electrostatic and gel contributions to
the total pressure. In a statistical mechanical approach, we vary the free energy with respect to
microgel size to obtain exact relations for the microgel electrostatic osmotic pressure. We present
results for planar, cylindrical, and spherical geometries. For models of membranes and microgels
with fixed charge uniformly distributed over their surface or volume, we derive analogues of the
contact value theorem for charged colloids. We validate these relations by solving the PB equation
and computing ion densities and osmotic pressures. When implemented within PB theory, the two
methods yield identical electrostatic osmotic pressures for surface-charged microgels. For volume-
charged microgels, the exact electrostatic osmotic pressure equals the average of the corresponding
PB profile over the gel volume. We demonstrate that swelling of ionic microgels depends on variation
of the electrostatic pressure inside the particle and discuss implications for interpreting experiments.
I. INTRODUCTION
For over a century, Poisson-Boltzmann (PB) theory
has been widely applied to model interfaces between
charged surfaces and ionic solutions [1–3]. By accounting
for thermal motion of ions, the theory explains the origin
of a diffuse electrical double layer comprising fixed sur-
face charges and mobile microions (counterions, coions)
in solution. The densities of microions are described by
the PB equation, which results from combining the Pois-
son equation for the electrostatic potential with Boltz-
mann distributions for the microion charge densities.
Despite neglecting interparticle correlations through its
underlying mean-field approximation, PB theory often
reasonably describes the distributions of weakly corre-
lated (usually monovalent) microions in solution around
macroions of various types, including charged colloids,
polyelectrolytes, and charged lipid bilayers.
Combining the PB theory of electrostatic interactions
between charged surfaces with the Hamaker theory of
van der Waals interactions yields the famous Derjaguin-
Landau-Vervey-Oberbeek (DLVO) theory [4, 5], which
explains the stability of charge-stabilized colloidal sus-
pensions [1–3]. PB theory also provides a basis for
modern theories of effective electrostatic interactions in
soft matter [6–10]. Following important elaborations of
the original Gouy-Chapman formulation [11, 12] of PB
theory by Stern [13] and Grahame [14] to account for
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the nonzero size, hydration, and surface adsorption of
ions, recent refinements of the theory have addressed
ion-specific effects by incorporating nonuniform dielectric
permittivity and non-Coulombic interactions [15–22].
In practical applications, PB theory is often imple-
mented in the cell model [23–25], which abstracts from a
bulk suspension a single macroion and its associated mi-
croions. The shape of the macroion dictates the appropri-
ate geometry of the cell (planar, cylindrical, spherical),
the symmetry of which eases the computational solution
of the nonlinear PB equation. Predictions for microion
densities and osmotic pressure prove to be most accurate
for systems with relatively low salt concentration [9, 26].
Aside from determining electrical properties of charged
surfaces in ionic solutions, such as differential capacitance
and electrostatic interactions between surfaces, microion
densities have relevance for bulk thermodynamic prop-
erties of charge-stabilized colloidal suspensions, such as
the pressure and phase behavior. In fact, within the cell
model, the pressure is proportional to the total microion
density at the edge of the cell. This important rela-
tion was first established in the framework of PB the-
ory [23], but was subsequently proven to be exact in the
cell model [24], independent of PB theory.
In recent years, PB theory has been widely applied to
penetrable macroions, which are distinguished by their
permeability to solvent and microions. The most inten-
sively studied are microgels – soft colloidal particles con-
sisting of crosslinked polymer networks – whose ability
to swell and deswell in solution leads to unusual materi-
als properties with a multitude of practical applications,
2including drug delivery, water filtration, and biosens-
ing [27–30]. Predictions of PB theory for the distri-
bution of monovalent counterions in the cell model of
ionic microgels often prove accurate when compared with
molecular simulations [31–35]. Relatively little attention
has been devoted, however, to modeling thermodynamic
properties, such as osmotic pressure [36–39]. The elec-
trostatic contribution to the interior osmotic pressure of
a permeable macroion, defined as the difference in pres-
sure between the inside and outside, is determined by the
density profiles of the fixed charge and mobile microions.
The interior osmotic pressure, in turn, determines the
equilibrium swollen size of an ionic microgel through a
balance between electrostatic, elastic, and mixing contri-
butions to the total osmotic pressure [40–42]. Accurately
predicting the structure and phase behavior of concen-
trated microgel suspensions requires consistently incor-
porating deswelling of the compressible particles [43, 44].
Swelling of ionic microgels has been probed in recent
years by a variety of experimental methods, including
light scattering [45–52], neutron scattering [52, 53], elec-
trophoresis [54], and osmometry [55]. Measurements of
the swollen radii of pNIPAM microgels in deionized solu-
tions [50–52] indicate that deswelling sets in at concen-
trations well below random close packing, where particles
start to overlap, qualitatively consistent with theoretical
predictions for coarse-grained models [34, 44]. Such ob-
servations point to the vital role of electrostatic interac-
tions in driving deswelling of ionic microgels.
While theories of macroscopic ionic gels are well es-
tablished [56–61], a correspondingly comprehensive de-
scription of ionic microgels is still lacking. In particular,
the important distinction between the osmotic pressure
of a bulk suspension and the osmotic pressure of a single
microgel is neither widely appreciated nor fully under-
stood. As a result, simplified approximations are often
adopted for the electrostatic component of the interior os-
motic pressure in lieu of a more rigorous theory capable
of quantitative predictions. The purpose of this paper is
to fill this lacuna by deriving general expressions for the
electrostatic component of the osmotic pressure of per-
meable macroions and to discuss implications for swelling
and thermodynamic phase behavior of microgels.
The remainder of the paper is organized as follows. In
Sec. II, we define the primitive and cell models of per-
meable macroions. In Sec. III, we derive from Poisson-
Boltzmann theory and the pressure tensor general ex-
pressions for the bulk pressure and the electrostatic com-
ponent of the osmotic pressure of ionic microgels in the
planar, cylindrical, and spherical cell models. In Sec. IV,
we apply PB theory to derive explicit expressions for
the electrostatic component of the osmotic pressure of
surface- and volume-charged microgels. In Sec. V, we
derive exact statistical mechanical relations in the cell
model for the electrostatic osmotic pressure of ionic mi-
crogels. In Sec. VI, we validate our results by numeri-
cally solving the PB equation to compute pressures and
comparing predictions of PB theory with the correspond-
ing exact relations. We also discuss the relevance of our
results for modeling swelling of ionic microgels and in-
terpreting experiments. In Sec. VII, we summarize and
conclude with an outlook for future work.
II. MODELS
A. Primitive Model
We consider an aqueous suspension of Nm ionic mi-
crogels in a volume V at temperature T . Each par-
ticle is modeled as a swollen slab, cylinder, or sphere,
composed of a crosslinked network of polymer chains.
Dissociation of Z counterions from ionizable sites on
the polymers leaves each microgel with a charge −Ze,
where e is the electron charge. The spatial distribution
of fixed charge on the polymers depends on the distri-
bution of monomers. The presence of salt in solution
contributes coions and additional counterions. In chem-
ical (Donnan) equilibrium with an electrolyte reservoir
of salt ion pair density n0, the suspension contains Ns
dissociated salt ion pairs. For simplicity, we assume the
microions are monovalent and pointlike. From the condi-
tion of electroneutrality, the total number of counterions
is N+ = ZNm +Ns and coions N− = Ns.
The microgels are permeable to both microions and sol-
vent (water). In the primitive model, the solvent is a di-
electric continuum of uniform dielectric constant ǫ, which
reduces the strength of the bare Coulomb interaction be-
tween a pair of ions at separation r to v(r) = e2/(ǫr)
(Gaussian units). The neglect of solvent structure limits
the primitive model to phenomena that do not depend
significantly on ion hydration effects.
B. Cell Model
The cell model [23–25] represents a bulk suspension of
macroions, by a single macroion, along with mobile mi-
croions, in a cell of commensurate symmetry (Fig. 1). In
the planar cell model, a slab of ionic gel of thickness a
(infinite in the other two dimensions) with fixed charge
distribution −enf(x) is placed at one side of a cell of
width L, representing a suspension of planar microgels of
thickness 2a and volume fraction φ = a/L. In the cylin-
drical cell model, an infinitely long cylinder of ionic gel
of cross-sectional radius a with axially symmetric fixed
charge distribution −enf(r) is centered in a cylindrical
cell of radius R, representing a suspension of cylindrical
microgels [62] of volume fraction φ = (a/R)2. In the
spherical cell model, a sphere of ionic microgel of radius
a with spherically symmetric fixed charge distribution
−enf(r) is centered in a spherical cell of radius R, rep-
resenting a suspension of spherical microgels of volume
fraction φ = (a/R)3.
The counterions and coions have equilibrium number
density profiles n+(r) and n−(r), respectively, and cor-
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FIG. 1. Schematic drawings of permeable ionic microgels
in the cell model. Planar microgel (blue slab) of swollen
thickness a and cylindrical or spherical microgel (blue disk) of
swollen radius a, oppositely-charged counterions (filled black
disks), like-charged coions (unfilled disks), and implicit sol-
vent (dielectric continuum) in a cell of width L or radius R.
responding charge density profiles ±en±(r), which are
determined by the fixed charge distribution. Electroneu-
trality of the system dictates that the electric field van-
ishes at the cell boundaries: x = 0 and L for the
planar cell and r = R for the cylindrical and spheri-
cal cells. Combining the cell model with the primitive
model, the solvent is represented by a dielectric contin-
uum. While a significant abstraction from a bulk suspen-
sion of macroions, the cell model has proven accurate,
compared with multi-macroion simulations and experi-
ments, in predicting osmotic pressures of deionized sus-
pensions of charged colloids [8, 9] and ionic microgels [33].
Suspensions of charged clay platelets have been success-
fully modeled using the Wigner-Seitz cell model [63], with
circular or square platelets placed at the center of a cylin-
drical or parallelepipedic cell. In the latter geometry, the
fixed charge distribution, electric field, and microion dis-
tributions are not axially symmetric.
III. POISSON-BOLTZMANN THEORY
A. Free Energy and Osmotic Pressure
For a suspension of fixed volume and temperature in
Donnan equilibrium with a salt reservoir, imposing a salt
ion chemical potential of µ0 = kBT lnn0, the appropriate
thermodynamic potential is the semi-grand potential Ω,
a Legendre transform of the Helmholtz free energy F :
Ω[n±] = F [n±]− µ0
∫
V
dV (n+ + n−). (1)
In a mean-field approximation, the electrostatic part of
the semi-grand potential functional can be expressed as
Ω[n±] = Ωid[n±] +
e
2
∫
V
dV (n+ − n− − nf )ϕ, (2)
where the exact ideal-gas functional (in kBT units) is
Ωid =
∫
V
dV
{
n+
[
ln
(
n+
n0
)
− 1
]
+ n−
[
ln
(
n−
n0
)
− 1
]}
(3)
and the electrostatic potential ϕ is related to all of the
ion densities via
ϕ(r) =
1
2
∫
V
dr′ [n+(r
′)− n−(r′)− nf (r′)] e|r− r′| , (4)
with the integrals extending over the system volume V .
To simplify notation, we henceforth express all energies
in thermal (kBT ) units. For given distributions of fixed
and mobile charges, ϕ obeys the Poisson equation:
∇2ϕ = −4πe
ǫ
(n+ − n− − nf ), (5)
or, upon introducing the reduced electrostatic potential,
ψ ≡ eϕ/(kBT ), and Bjerrum length, λB = e2/(ǫkBT ),
∇2ψ = −4πλB(n+ − n− − nf ). (6)
Minimizing Ω with respect to the microion densities, i.e.,
requiring δΩ/δn± = 0, generates the Boltzmann approx-
imations, n± = n0 exp(∓ψ), which when substituted into
Eq. (6) yield the PB equation [64, 65],
∇2ψ = κ2 sinhψ + 4πλBnf , (7)
where κ =
√
8πn0λB is the Debye screening constant.
Combining Eqs. (2), (3), and (7), we have
Ω =
∫
V
dV
(
2n0 (ψ sinhψ − coshψ)− ψ∇
2ψ
8πλB
)
=
∫
S
dS
ψ∇ψ
8πλB
−
∫
V
dV
( |∇ψ|2
8πλB
+ 2n0 coshψ + nfψ
)
.
(8)
As the electric field (-∇ψ) vanishes on the boundary S,
Ω = −
∫
V
dV
( |∇ψ|2
8πλB
+ 2n0 coshψ + nfψ
)
. (9)
4In applications to hard charged colloids, the fixed charge
is usually confined to a surface, while for ionic gels, nf
may be a volume-distributed charge. Legendre trans-
forming to the Gibbs free energy, G = Ω+PV , shifts the
constraint from fixed volume V to fixed thermodynamic
pressure P (in kBT units), which may be determined by
variational minimization of G with respect to ψ [15–17].
In cell models with planar, cylindrical, or spherical sym-
metry, P is the normal force per unit area acting on the
outer boundary of the cell – a surface whose normal is
parallel to the electric field [66] – corresponding to the
bulk pressure of the suspension.
It is important to distinguish the bulk pressure from
the pressure tensor in the cell, the elements of which rep-
resent forces per unit area exerted on surfaces whose nor-
mal vectors are oriented parallel to different coordinate
axes. In a dielectric medium with electric field E and to-
tal number density of mobile ions n(r), the electrostatic
pressure tensor (in kBT units) is given by [35, 63, 67–70]
Pe =
ǫ
4πkBT
(
1
2
E21−E⊗E
)
+ n(r)1, (10)
where 1 is the unit tensor. The first term on the right side
is the Maxwell pressure tensor (negative of the Maxwell
stress tensor), associated with the electric field gener-
ated by both the fixed charge and the mobile microions.
The second term is the kinetic pressure tensor, associ-
ated with the momentum transported by the mobile mi-
croions. The normal electrostatic pressure, acting on a
surface whose normal is parallel to E, is
Pe,‖(r) = −
|ψ′(r)|2
8πλB
+ n(r), (11)
while the electrostatic pressure in transverse directions is
Pe,⊥(r) =
|ψ′(r)|2
8πλB
+ n(r). (12)
In a gel medium, the total pressure tensor is the sum of
the electrostatic and gel pressure tensors, P = Pe +Pg.
The bulk pressure equals the normal component of the
total pressure at the cell edge: P = P‖(R) = Prr(R).
In matrix notation, the total pressure tensor can be
expressed as
(P) =

 P‖ 0 00 P⊥ 0
0 0 P⊥

 (13)
where we choose the first coordinate parallel to E and off-
diagonal elements are zero in the absence of shear forces.
The condition of mechanical equilibrium is that the net
force density at any point must vanish, which is equiva-
lent to vanishing of the divergence of the total pressure
tensor: ∇ · P = 0. As shown below, this condition im-
plies that the elements of the total pressure tensor, P‖
and P⊥, are spatially constant in the planar cell model,
but spatially varying in cylindrical and spherical cells.
It is also essential here to distinguish between the terms
“pressure” and “osmotic pressure,” which are often used
interchangeably in soft matter physics. Let us avoid con-
fusion by defining the osmotic pressure of a suspension
as the difference in bulk pressure between the suspen-
sion and an electrolyte reservoir (the pressure itself be-
ing measured relative to vacuum). This bulk property
is distinct from the osmotic pressure of a single micro-
gel, defined as the change in the normal component of
the total pressure tensor across the surface of the gel. In
equilibrium, the polymer network swells until the single-
microgel osmotic pressure vanishes, implying continuity
of the normal component of the total pressure at the mi-
crogel surface. Next, we derive a number of fundamental
expressions for the osmotic pressure in cell models of var-
ious geometries.
B. Planar Cell Model
In a planar cell of width L, we can express the Gibbs
free energy functional per unit area in the form
G = −
∫ L
0
dx g(x, ψ, ψ′), (14)
where
g(x, ψ, ψ′) =
|ψ′(x)|2
8πλB
+2n0 coshψ(x)+nf (x)ψ(x)−P (L),
(15)
depending explicitly on x through the fixed charge nf (x).
To emphasize the distinction between the bulk pressure
and the total pressure inside the cell, we denote the for-
mer by P (L) and the latter by P (x), although, as it turns
out in planar geometry, P (x) = P (L). Minimizing the
functional with respect to ψ, i.e., replacing ψ(x) with
ψ(x)+αη(x), with arbitrary perturbation function η(x),
and requiring dG/dα = 0, leads to [71]
δG =
∫ L
0
dx η
[
∂g
∂ψ
− d
dx
∂g
∂ψ′
]
+
[
η
∂g
∂ψ′
]L
0
+
[
g − ψ′ ∂g
∂ψ′
]
x=L
∆x = 0, (16)
where ∆x represents a variation of the endpoint (x = L),
which allows the cell to adjust its volume to reach equi-
librium at the externally applied normal pressure. Equa-
tion (16) immediately yields the Euler-Lagrange equation
∂g
∂ψ
− d
dx
∂g
∂ψ′
= 0, (17)
the boundary conditions
∂g
∂ψ′
∣∣∣
x=0
=
∂g
∂ψ′
∣∣∣
x=L
= 0, (18)
and the constraint[
g − ψ′ ∂g
∂ψ′
]
x=L
= 0. (19)
5Substituting g from Eq. (15) into Eqs. (17)-(19) recovers
the PB equation [Eq. (7)] and leads to ψ′(0) = ψ′(L) = 0
(implying electroneutrality) and also the thermodynamic
pressure acting at the edge of the cell:
P (L) = −|ψ
′(L)|2
8πλB
+ 2n0 coshψ(L) + nf (L)ψ(L). (20)
Assuming nf (L) = 0 (no fixed charge at the cell edge),
we finally obtain
P (L) = 2n0 coshψ(L) = n+(L) + n−(L), (21)
which is the well-known planar cell theorem relating the
bulk pressure of the suspension to the ion density at the
cell edge [23, 24]. The osmotic pressure of the suspension
is obtained by subtracting the pressure of the reservoir.
A more general expression for the bulk pressure, ap-
plicable to any fixed charge distribution, follows by first
using Eq. (17) to simplify the total derivative of g:
dg
dx
=
∂g
∂x
+ψ′
∂g
∂ψ
+ψ′′
∂g
∂ψ′
=
∂g
∂x
+
d
dx
(
ψ′
∂g
∂ψ′
)
. (22)
Integrating from position x to the cell edge (x = L) yields(
g − ψ′ ∂g
∂ψ′
) ∣∣∣L
x
=
∫ L
x
du
∂g
∂u
. (23)
Substituting g from Eq. (15) into Eq. (23), noting that
∂g/∂u = n′f (u)ψ(u), integrating by parts, and making
use of Eqs. (20) and (21), we obtain
P (L) = −|ψ
′(x)|2
8πλB
+ 2n0 coshψ(x) + Pg(x), (24)
where the first two terms on the right side are the
Maxwell pressure and the kinetic pressure of the mobile
microions and the third term,
Pg(x) = −
∫ L
x
du nf (u)ψ
′(u), (25)
is the counteracting gel pressure required to stabilize the
fixed charge against the electric field (−ψ′), thus ensur-
ing mechanical stability of the gel. For charged surfaces,
the third term in Eq. (24) is often implicit, subsumed
into the boundary conditions [17], while for ionic gels
with volume-distributed fixed charge it must be explic-
itly included. Note that Eq. (25) is consistent with the
force-balance condition for mechanical equilibrium of the
fixed charge in the presence of an electric field:
P ′g(x) = nf (x)ψ
′(x). (26)
In microgels, the gel pressure would be provided by the
swollen polymer network, while for a membrane, Pg could
be supplied by the restraining force of an external sup-
port or a lipid bilayer. The normal component of the
electrostatic pressure is then identified as
Pe,‖(x) = −
|ψ′(x)|2
8πλB
+ 2n0 coshψ(x), (27)
consistent with Eq. (11) in which n(x) = 2n0 coshψ(x) is
the total microion number density. From Eqs. (21) and
(25), we can also write
Pe,‖(x) = n+(L) + n−(L) +
∫ L
x
du nf(u)ψ
′(u). (28)
Note that in the planar cell, the condition for mechanical
equilibrium, ∇ · P = 0, implies dP (x)/dx = 0, and thus
the total pressure inside the cell is spatially constant, i.e.,
P (x) = P (L). In contrast, in cylindrical and spherical
cell models, the total pressure inside the cell is spatially
varying, as shown in the next section.
C. Cylindrical Cell Model
A similar development yields the bulk pressure of a
suspension modeled by an infinitely long, axially sym-
metric, cylindrical cell of cross-sectional radius R. The
Gibbs free energy functional per unit length along the
cylinder axis now takes the form
G = −2π
∫ R
0
dr g(r, ψ, ψ′), (29)
where r is the radial distance from the axis and
g(r, ψ, ψ′) = r
[ |ψ′(r)|2
8πλB
+ 2n0 coshψ(r)
+ nf (r)ψ(r) − P (R)
]
. (30)
To again emphasize the distinction between the bulk
pressure and the total pressure inside the cell, we denote
the former by P (R) and the latter by P (r). The addi-
tional factor of r in Eq. (30), from axial symmetry in
cylindrical geometry, modifies the results derived in pla-
nar geometry. Minimizing the functional with a variable
endpoint (r = R) [71] yields the Euler-Lagrange equation
∂g
∂ψ
− d
dr
∂g
∂ψ′
= 0, (31)
the boundary conditions
∂g
∂ψ′
∣∣∣
r=0
=
∂g
∂ψ′
∣∣∣
r=R
= 0, (32)
and the constraint(
g − ψ′ ∂g
∂ψ′
) ∣∣∣
r=R
= 0. (33)
Substituting g from Eq. (30) into Eqs. (31)-(33) recovers
the PB equation [Eq. (7)] in cylindrical polar coordinates,
the electroneutrality condition, ψ′(R) = 0, and further
yields the bulk pressure (acting on the cell boundary)
P (R) = −|ψ
′(R)|2
8πλB
+ 2n0 coshψ(R) + nf (R)ψ(R). (34)
6In passing, we note that this result is consistent with the
condition for mechanical equilibrium of the cell [72],
∂P
∂ψ
= −(n+ − n− − nf ), (35)
when the fixed charge of the ionic gel is included in the to-
tal charge density. Assuming nf (R) = 0 (no fixed charge
at the cell edge) leads to the cell theorem for the bulk
pressure [23, 24]:
P (R) = 2n0 coshψ(R) = n+(R) + n−(R). (36)
As in planar geometry, we can derive a more general ex-
pression for the bulk pressure by first using Eq. (31) to
simplify the total derivative of g:
dg
dr
=
∂g
∂r
+ ψ′
∂g
∂ψ
+ ψ′′
∂g
∂ψ′
=
∂g
∂r
+
d
dr
(
ψ′
∂g
∂ψ′
)
. (37)
Integrating Eq. (37) from radius r to the cell edge (r = R)
and using Eq. (30) to evaluate ∂g/∂r, we have
(
g − ψ′ ∂g
∂ψ′
) ∣∣∣R
r
=
∫ R
r
du
( g
u
+ un′f (u)ψ(u)
)
. (38)
Substituting g from Eq. (30) on both sides of Eq. (38), us-
ing Eq. (34), integrating by parts, and solving for P (R),
we obtain the following completely general expression for
the bulk pressure in the cylindrical cell model:
P (R) =
r
R
(
−|ψ
′(r)|2
8πλB
+ n(r)
)
+
1
R
∫ R
r
du
( |ψ′(u)|2
8πλB
+ n(u)− unf(u)ψ′(u)
)
, (39)
where n(r) ≡ n+(r) + n−(r) = 2n0 coshψ(r) is the total
microion number density. Setting r = R in Eq. (39)
recovers the cell theorem [Eq. (36)], while evaluating at
r = 0 yields
P (R) =
1
R
∫ R
0
du
( |ψ′(u)|2
8πλB
+ n(u)− unf(u)ψ′(u)
)
.
(40)
Interestingly, in cylindrical geometry, the bulk pressure
can be expressed as an integral over the radial coordinate,
but is not obtained by simply substituting r for x in the
corresponding expression in planar geometry [Eq. (24)].
Numerical evaluation confirms that Eqs. (39) and (40)
give exactly the same bulk pressure as Eq. (36) [Sec. VI].
For applications to swelling of ionic microgels [Sec. IVB],
it is useful to relate the normal component of the elec-
trostatic pressure profile [Eq. (11)] to the gel pressure:
Pe,‖(r) = n(R)− Pg(r) −
1
4πλB
∫ R
r
du
|ψ′(u)|2
u
, (41)
which follows from differentiating and then integrating
Eq. (39) with respect to r and identifying the gel pressure
Pg(r) = −
∫ R
r
du nf(u)ψ
′(u), (42)
the diagonal element (Pg)rr of the gel pressure tensor.
To further elucidate the significance of Eq. (39), we
now show that this expression follows also from the con-
dition of mechanical equilibrium. In fact, Eq. (39) can
be equivalently expressed in the form
RP (R) = rP‖(r) +
∫ R
r
duP⊥(u), (43)
where
P‖(r) = Pe,‖(r) + Pg(r) = n(R)−
1
4πλB
∫ R
r
du
|ψ′(u)|2
u
(44)
is the normal component and
P⊥(r) = Pe,⊥(r) + Pg(r) (45)
the transverse component of the total pressure tensor.
Here Pe,‖(r) and Pe,⊥(r) are the normal and transverse
components of the electrostatic pressure tensor [Eqs. (11)
and (12)] and we assume uniform swelling and Pg(R) = 0.
As illustrated in Fig. 2, the left side of Eq. (43) is pro-
portional to the magnitude of the net force acting on the
cylindrical surface of a cylindrical sector (pie slice) of the
cell whose cross-section is enclosed by a circular arc of
radius R subtending a central angle φ and two straight
radial segments. By symmetry, the net force points in
the radial direction and is proportional to R sin(φ/2).
The first term on the right side of Eq. (43) is similarly
proportional to the magnitude of the net force acting on
the cylindrical surface of a cylindrical sector of radius r
subtending the same central angle, which is proportional
to r sin(φ/2). The second term on the right side is pro-
portional to the magnitude of the net force acting on the
flat sides of the sector. Integration along the radial coor-
dinate is required, as the transverse pressure varies with
r. By symmetry, this net force also points in the radial
direction and is proportional to sin(φ/2). Thus, Eq. (43)
simply expresses the condition that the net force on any
sector of the cell vanishes. Since the size and location of
the sector are arbitrary, it follows that mechanical equi-
librium prevails at every point in the cylinder.
7||
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FIG. 2. Cylindrical sectors of a cylindrical cell, whose cross-
sections are enclosed by circular arcs of radius R or r with
central angle φ and two straight radial segments. Mechanical
equilibrium of the section highlighted in blue requires that
the net force exerted by the normal pressures P‖ and trans-
verse pressures P⊥ (red arrows) is zero. This force balance
condition is expressed by Eqs. (39)–(43).
The fact that precisely the same expression for the
bulk pressure results from two seemingly independent ap-
proaches – a variational minimization of the free energy
and a force balance condition involving the pressure ten-
sor – provides a strong consistency check on our calcula-
tions. In passing, we note that our expressions for P‖(r)
and P⊥(r) (neither of which is spatially constant) satisfy
the condition for mechanical equilibrium,
(∇ ·P)‖ =
∂P‖
∂r
+
1
r
(P‖ − P⊥) = 0, (46)
which follows from substituting Eq. (13) into the general
expression for the divergence of a second-order tensor in
cylindrical polar coordinates [71, 73]. Furthermore, since
P‖(r) and P⊥(r) are everywhere finite, Eq. (46) implies
that the equilibrium normal pressure is continuous.
D. Spherical Cell Model
In a spherically symmetric spherical cell of radius R,
the Gibbs free energy functional now takes the form
G = −4π
∫ R
0
dr g(r, ψ, ψ′), (47)
where r is the radial distance from the center and
g(r, ψ, ψ′) = r2
( |ψ′(r)|2
8πλB
+ 2n0 coshψ(r)
+ nf (r)ψ(r) − P (R)
)
. (48)
The geometric factor of r2, from spherical symmetry in
spherical geometry, further modifies the results derived
in the planar and cylindrical cell models. Substituting g
from Eq. (48) into Eqs. (31)-(33) recovers the PB equa-
tion [Eq. (7)] in spherical polar coordinates, the elec-
troneutrality condition, ψ′(R) = 0, and the cell theorem
for the pressure [Eq. (36)]. Integrating Eq. (37) from r
to r = R and using Eq. (48) to evaluate ∂g/∂r, we have
(
g − ψ′ ∂g
∂ψ′
) ∣∣∣R
r
=
∫ R
r
du
(
2g
u
+ u2n′f (u)ψ(u)
)
. (49)
Substituting Eq. (48) for g on both sides of Eq. (49) and
integrating by parts, we obtain a general expression for
the bulk pressure in the spherical cell model:
P (R) =
r2
R2
(
−|ψ
′(r)|2
8πλB
+ n(r)
)
+
1
R2
∫ R
r
du
[
2u
( |ψ′(u)|2
8πλB
+ n(u)
)
− u2nf(u)ψ′(u)
]
. (50)
Evaluating Eq. (50) at r = 0 yields
P (R) =
1
R2
∫ R
0
du
[
2u
( |ψ′|2
8πλB
+ n
)
− u2nfψ′
]
. (51)
Once again, the bulk pressure P (R) can be expressed as
an integral over the radial coordinate, but is not obtained
by simply substituting r for x in Eq. (24). Applications
to swelling of ionic microgels [Sec. IVC] are facilitated
by relating Pe,‖(r) [Eq. (11)] to the gel pressure:
Pe,‖(r) = n(R)− Pg(r) −
1
2πλB
∫ R
r
du
|ψ′(u)|2
u
, (52)
which follows from differentiating and then integrating
Eq. (50). The normal component of the total pressure in
the spherical cell is then
P‖(r) = Pe,‖(r) + Pg(r) = n(R)−
1
2πλB
∫ R
r
du
|ψ′(u)|2
u
.
(53)
As in the cylindrical cell model, we can validate our
expression for the bulk pressure [Eq. (50)] by expressing
it as a force balance condition on a spherical sector:
R2P (R) = r2P‖(r) + 2
∫ R
r
du uP⊥(u), (54)
where the left side is proportional to the magnitude of the
8net force acting on the spherical surface of a spherical
sector of the cell whose cross-section is enclosed by a
spherical cap of radius R and a cone with apex at the
center of the sphere. By symmetry, the net force is in
the radial direction and is proportional to R2. The first
term on the right side is similarly proportional to the
magnitude of the net force acting on the spherical surface
of a spherical sector of radius r subtending the same solid
angle, which is proportional to r2. The second term on
the right side is proportional to the magnitude of the net
force acting on the lateral surface of the cone, which by
symmetry also points in the radial direction. A radial
integration is required, as the transverse pressure varies
with r. Finally, we note that our relations for P‖(r) and
P⊥(r) satisfy the condition for mechanical equilibrium,
(∇ ·P)‖ =
∂P‖
∂r
+
2
r
(P‖ − P⊥) = 0, (55)
obtained by substituting Eq. (13) into the general expres-
sion for the divergence of a tensor in spherical polar coor-
dinates [71, 73]. Note the factor of 2 [cf. Eq. (46)]. As in
cylindrical geometry, neither component of the pressure
is spatially constant and P‖(r) is continuous.
The approach described above can be implemented for
any fixed charge distribution. Next we illustrate applica-
tions to idealized distributions that model microgels.
IV. APPLICATIONS OF PB THEORY
A. Planar Ionic Microgels
The planar cell model has been widely used to model
the structure of electrolytes near charged surfaces [2, 3],
e.g., metallic electrodes, charged colloids, and lipid mem-
branes [15–17]. If the fixed charge uniformly coats a flat,
impenetrable wall at x = a with valence/unit area σ, then
nf = σδ(x− a) and the electrostatic pressure is uniform
throughout the available volume of the cell (a < x < L).
According to Eqs. (24) and (25), precisely at the surface
(x = a), Pe,‖(x) and Pg(x) are discontinuous, jumping
by equal but opposite values of magnitude σψ′(a), such
that the total pressure remains continuous. Evaluating
Eq. (27) at x = a, and invoking the boundary condi-
tion ψ′(a) = 4πλBσ, yields the exact contact value theo-
rem [24, 25, 74, 75],
P (L) = n+(a) + n−(a)− 2πλBσ2, (56)
which is valid only for planar charged surfaces.
The planar cell model can also be used, however, to
model a flat, permeable membrane or a slab of ionic gel.
The latter we refer to as a planar microgel, since one
dimension of the gel is not macroscopic. If the fixed
charge coats the surface of a permeable membrane or
gel at x = a, then Pe is discontinuous, jumping between
different values on the left and right sides of the mem-
brane. Evaluating Eq. (27) at x = 0 and x = L, we have
(with n ≡ n+ + n−)
Pe,‖(x) =
{
2n0 coshψ(0) = n(0), x ≤ a
2n0 coshψ(L) = n(L), x > a.
(57)
Evaluating Eq. (27) as x→ a from both sides,
Pe,‖(x) =


n(a)− 1
8πλB
lim
δ→0
ψ′(a− δ)2, x ≤ a
n(a)− 1
8πλB
lim
δ→0
ψ′(a+ δ)2, x > a,
(58)
which implies a discontinuity (osmotic pressure) of
∆Pe =
1
8πλB
lim
δ→0
[
ψ′(a+ δ)2 − ψ′(a− δ)2] . (59)
Combining this result with the boundary condition
lim
δ→0
[ψ′(a+ δ)− ψ′(a− δ)] = 4πλBσ (60)
yields an alternative expression for the difference in elec-
trostatic pressure across the membrane or gel surface:
∆Pe =
σ
2
lim
δ→0
[ψ′(a+ δ) + ψ′(a− δ)] = n(0)− n(L).
(61)
Because the electric field points away from the surface,
the two terms on the right are of opposite sign. In the
symmetric case, a = L/2, the terms cancel and ∆Pe = 0.
Equations (59) and (61) are equivalent forms of a new
“contact value theorem” for surface-charged permeable
membranes or planar microgels.
If the fixed charge is instead evenly distributed over
the volume of a microgel in the region 0 ≤ x ≤ a, then
nf (x) =
σ
a
θ(x − a), (62)
where θ(x) is the unit step function. While fixed charges
are discretely distributed within a gel, thermal motion
of polymer chains makes a continuum model reasonable.
The electrostatic pressure is then given by Eq. (28) as
Pe,‖(x) =
{
n(L) + σa [ψ(a)− ψ(x)] , x ≤ a
n(L), x > a,
(63)
implying an internal electrostatic osmotic pressure
∆Pe(x) =
σ
a
[ψ(a)− ψ(x)] . (64)
In contrast to the case of a surface-charged microgel, the
electrostatic pressure of a volume-charged microgel does
not make a jump at the surface, but instead rises contin-
uously with increasing distance into the gel.
B. Cylindrical Ionic Microgels
The cylindrical cell model has been extensively used
to model polyelectrolyte solutions and suspensions of
9charged rodlike colloidal particles [23–25]. For refer-
ence, we first consider an impermeable cylinder of cross-
sectional radius a and fixed charge per unit length −λe
uniformly spread over the surface with number density
nf (r) =
λ
2πa
δ(r − a). (65)
The bulk pressure is given by Eq. (39) evaluated at r = a:
P (R) =
a
R
[
n(a)− 2πλBσ2
]
+
1
R
∫ R
a
du
( |ψ′|2
8πλB
+ n
)
,
(66)
where σ ≡ λ/(2πa) is the valence/unit area and we have
applied the boundary condition for the electric field at
the cylinder surface,
ψ′(a) = 4πλBσ = 2λBλ/a. (67)
Equation (66), derived here within PB theory, represents
a contact value theorem for charged cylinders [24]. As
noted in Sec. III C, this theorem can be interpreted as a
force balance condition on a cylindrical sector of the cell.
Turning to a cylindrical microgel with uniform surface
charge per unit length −λe, the fixed charge density is
the same as for an impermeable cylinder [Eq. (65)], but
the surface is now permeable to microions. Substituting
nf (r) into Eqs. (41) and (42), we find that Pe,‖(r) jumps
discontinuously at r = a. The magnitude of this jump is
the electrostatic osmotic pressure of the microgel:
∆Pe = −∆Pg = λ
4πa
lim
δ→0
|ψ′(a+ δ) + ψ′(a− δ)| . (68)
Equation (68) can be viewed as a contact value theorem
for cylindrical surface-charged ionic microgels.
It is important to note that, in contrast to planar ge-
ometry, the normal and transverse pressures are now not
spatially uniform. Thus, whereas the electrostatic os-
motic pressure of a planar surface-charged microgel is
proportional to the difference in microion density be-
tween the inner (x = 0) and outer (x = L) bound-
aries of the cell [Eq. (61)], the same relation does not
hold for a cylindrical microgel. The electrostatic osmotic
pressure of a cylindrical surface-charged microgel is not
simply proportional to the difference in microion density
between the cylinder axis (r = 0) and the edge of the
cell (r = R), but rather equals the jump in electrostatic
pressure at the microgel surface (r = a).
Next, we consider a cylindrical microgel with fixed
charge per unit length −λe uniformly distributed over
its volume with number density
nf(r) =
λ
πa2
θ(r − a). (69)
Substituting this form of nf (r) into Eq. (42) yields an
internal electrostatic osmotic pressure (for r < a)
∆Pe(r) = Pe,‖(r)−P‖(r) = −Pg(r) =
λ
πa2
[ψ(a)− ψ(r)] ,
(70)
which is continuous at the surface of the gel and increases
from the gel surface inward.
C. Spherical Ionic Microgels
The spherical cell model is a well-established model of
charge-stabilized colloidal suspensions [23–25]. For com-
parison, we first consider an impermeable sphere, mod-
eling a colloidal particle, of radius a and uniform fixed
surface charge −Ze with number density
nf (r) =
Z
4πa2
δ(r − a). (71)
The bulk pressure is given by Eq. (50) evaluated at r = a:
P (R) =
a2
R2
[
n(a)− 2πλBσ2
]
+
2
R2
∫ R
a
du u
( |ψ′|2
8πλB
+ n
)
,
(72)
where σ = Z/(4πa2) is the valence/unit area and we
have applied the boundary condition for the electric field
at the particle surface,
ψ′(a) = 4πλBσ = ZλB/a
2. (73)
Equation (72) represents a contact value theorem for
spherical charged colloids [24]. As discussed in Sec. III D,
this theorem can be interpreted as a force balance con-
dition on a spherical sector of the cell.
Turning to a spherical microgel with uniform surface
charge −Ze, the fixed charge density is the same as for
an impermeable spherical colloid [Eq. (71)]. Substituting
nf (r) into Eqs. (52) and (42), we find that Pe,‖(r) jumps
discontinuously at r = a. The magnitude of this jump is
the electrostatic osmotic pressure of the microgel:
∆Pe = −∆Pg = Z
8πa2
lim
δ→0
|ψ′(a+ δ) + ψ′(a− δ)| . (74)
Equation (74) can be regarded as a contact value theorem
for spherical surface-charged ionic microgels.
As with cylindrical geometry, the normal and trans-
verse pressures are not spatially uniform. Thus, the elec-
trostatic osmotic pressure of a spherical surface-charged
microgel is not simply proportional to the difference in
microion density between the center (r = 0) and edge
(r = R) of the cell, but rather equals the jump in elec-
trostatic pressure at the microgel surface (r = a). Our
approach thus differs sharply from that of ref. [76], in
which the pressure inside the microgel is approximated as
uniform and the electrostatic osmotic pressure is claimed
to depend only on the microion density at the center.
A spherical microgel with fixed charge −Ze uniformly
distributed over its volume has charge number density
nf(r) =
3Z
4πa3
θ(r − a). (75)
Substituting this form of nf (r) into Eq. (42) yields an
internal electrostatic osmotic pressure (for r < a)
∆Pe(r) = Pe,‖(r)−P‖(r) = −Pg(r) =
3Z
4πa3
[ψ(a)− ψ(r)] ,
(76)
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which, as in planar and cylindrical geometries, rises con-
tinuously from the surface inward. To check and com-
pare with the above results, obtained within PB theory,
we next derive theorems that provide exact relations for
the electrostatic component of the osmotic pressure in
the cell model, which are not tied to PB theory.
V. EXACT RELATIONS IN THE CELL MODEL
A. Osmotic Pressure of Ionic Microgels
For comparison with the predictions of Poisson-
Boltzmann theory, we next derive some exact statisti-
cal mechanical relations for the electrostatic contribu-
tion to the osmotic pressure of an ionic microgel in the
cell model, following the approach developed in previ-
ous work [34] and inspired by Wennerstro¨m et al. [24].
The derivations start from a decomposition of the elec-
trostatic part of the Hamiltonian,
He = Um(a) + Umµ({r}; a) + Uµµ({r}), (77)
into the microgel self-energy Um(a) and microgel-
microion and microion-microion interaction energies,
Umµ({r}; a) and Uµµ({r}), respectively, which depend on
the coordinates of all N microions, {r} ≡ {r1, . . . , rN}.
Only the first two terms in Eq. (77) depend on the mi-
crogel size. The microgel-microion interaction energy de-
pends on the microgel-microion pair potential vmµ(r; a):
Umµ({r}; a) =
N∑
i=1
vmµ(ri; a). (78)
For a suspension that is free to exchange microions with
a salt reservoir, the electrostatic part of the semi-grand
potential can be expressed as Ω = − lnΞ, where (contin-
uing to express energies in kBT units)
Ξ(µ0, V, T ) ∝
∞∑
N=0
eµ0N
N !
N∏
i=1
∫
V
dri e
−He (79)
is the electrostatic partition function and µ0 is the chem-
ical potential of microions in the reservoir. The osmotic
pressure of the suspension – the difference in pressure
between the suspension and reservoir – is defined via the
derivative of the free energy with respect to volume V .
In a planar cell of constant surface area A (V = AL), the
bulk osmotic pressure is given by
P =
1
A
∂
∂L
ln Ξ. (80)
In a cylindrical cell of radius R and height h (V = πR2h),
P =
1
2πRh
∂
∂R
ln Ξ, (81)
while in a spherical cell of radius R (V = 4πR3/3),
P =
1
4πR2
∂
∂R
ln Ξ. (82)
Substituting for Ξ from Eqs. (77)-(79) yields the respec-
tive cell theorems, namely, Eqs. (21) and (36) [23, 24].
Similarly, the osmotic pressure of a permeable microgel
is defined as the change in pressure at the surface of the
gel. The electrostatic component of the osmotic pressure
of an ionic microgel, ∆Pe, can be defined via a derivative
of the electrostatic semi-grand potential with respect to
the gel volume v. In a planar cell with v = Aa,
∆Pe =
∂
∂v
ln Ξ = − 1
A
(
∂
∂a
Um +
〈
∂
∂a
Umµ
〉)
, (83)
where angular brackets denote an ensemble average over
microion configurations. In a cylindrical cell (v = πa2h),
∆Pe = − 1
2πah
(
∂
∂a
Um +
〈
∂
∂a
Umµ
〉)
, (84)
while in a spherical cell (v = 4πa3/3),
∆Pe = − 1
4πa2
(
∂
∂a
Um +
〈
∂
∂a
Umµ
〉)
. (85)
We emphasize that Eqs. (83)-(85) yield average osmotic
pressures, in contrast to the spatially varying pressure
profiles derived from PB theory. Within the planar,
cylindrical, and spherical cell models, these theorems for
the electrostatic part of the osmotic pressure of a perme-
able ionic microgel are formally exact. Next, we present
explicit results for specific fixed charge distributions.
B. Planar Ionic Microgels
A slab of permeable ionic gel of thickness a, or a flat
membrane at position x = a, with a surface charge/unit
area −σe, modeled by fixed charge number density
nf (x) = σδ(x − a), has a self energy that is indepen-
dent of a. Since the electric field magnitude of the fixed
charge, |Ef | = 2πσe/ǫ, is constant, the fixed charge in-
teracts with the microions with energy (in kBT units)
Umµ = 2πλBσ

 ∑
i (xi≤a)
zi(a− xi) +
∑
i (xi>a)
zi(xi − a)

 ,
(86)
where zi = ±1 is the valence of microion i and the sums
are restricted to microions that are inside (xi ≤ a) or
outside (xi > a) the gel. Substituting into Eq. (83),
∆Pe = 4πλBσ
(σ
2
− 〈N+〉+ 〈N−〉
)
, (87)
where, for microion number density profiles n±(x),
〈N±〉 =
∫ a
0
dxn±(x) (88)
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are mean numbers of counterions/coions per unit area
inside the gel and we used the electroneutrality condition
σA =
∑
i (xi≤a)
zi +
∑
i (xi>a)
zi. (89)
Note that in the symmetric case of a membrane fixed at
the center of the cell (a = L/2), 〈N+〉 − 〈N−〉 = σ/2 and
then ∆Pe = 0.
A slab of ionic gel with the same charge evenly dis-
tributed over its volume has a fixed charge number den-
sity nf (x) = (σ/a)θ(x − a), generating an electric field
Ef (x) =


−4πσe
ǫ
(
x
a
− 1
2
)
, x ≤ a
−2πσe
ǫ
, x > a.
(90)
which stores a self energy (in kBT units)
Um =
Aǫ
8πkBT
∫ L
0
dx |Ef (x)|2 = AπλBσ
2
3
(
3L
2
− a
)
.
(91)
The corresponding interaction energy between the fixed
charge and the microions is
Umµ = 2πλBσ

 ∑
i (xi≤a)
zi
(
x2i
a
− xi
)
+
∑
i (xi>a)
zi(xi − a)


(92)
plus a constant U0(a), dependent on a, determined by
the choice of reference point. Substituting Eqs. (91) and
(92) into Eq. (83) and choosing U0(a) = πλBσ
2a yields
∆Pe = 2πλBσ
(
2
3
σ − 〈N+〉+ 〈N−〉+
〈
x2
〉
+
− 〈x2〉
−
a2
)
,
(93)
where
〈
x2
〉
±
=
∫ a
0
dxx2n±(x) (94)
are second moments of the microion density profiles in-
side the gel. Our choice of U0(a) ensures that Eqs. (87)
and (93) agree in the thin-gel (a → 0) and high-charge
(σ →∞) limits, in which case n+(x)→ (σ/a)θ(x−a). Of
the six systems considered – surface- and volume-charged
planar, cylindrical, and spherical microgels – the volume-
charged planar microgel is the only one for which the
reference potential affects the electrostatic pressure. In
passing, we note that in the limit of a macroscopic gel,
much thicker than the Debye screening length (κa≫ 1),
when virtually all counterions are confined to the gel, the
gel is electroneutral, n+(x) = nf(x), and ∆Pe = 0.
C. Cylindrical Ionic Microgels
For a cylindrical microgel with fixed charge uniformly
distributed over its surface [Eq. (65)], the self-energy and
the microgel-microion interaction energy per unit length
are (in kBT units and to within a-independent constants)
Um = −λ2λB ln
( a
R
)
(95)
and
Umµ = 2λλB ln
( a
R
) ∑
i (ri≤a)
zi. (96)
Substituting Eqs. (95) and (96) into Eq. (84) yields
∆Pe =
λλB
πa2
(
λ
2
− 〈N+〉+ 〈N−〉
)
, (97)
where, for microion radial number density profiles n±(r),
〈N±〉 = 2π
∫ a
0
dr rn±(r) (98)
are mean numbers of counterions/coions per unit length
inside the microgel.
A cylindrical microgel with fixed charge uniformly
spread over its volume [Eq. (69)] creates an electric field
Ef (r) =


−2λe
ǫa2
r, r ≤ a
−2λe
ǫr
, r > a,
(99)
storing a self-energy per unit length (in kBT units)
Um =
ǫ
4kBT
∫ R
0
dr r|Ef (r)|2 = λ2λB
[
1
4
− ln
( a
R
)]
,
(100)
and interacts with the microions with energy
Umµ = 2λλB
∑
i (ri≤a)
zi
[
ln
( a
R
)
+
r2i
2a2
]
. (101)
Substituting Eqs. (100) and (101) into Eq. (84) yields
∆Pe =
λλB
πa2
(
λ
2
− 〈N+〉+ 〈N−〉+
〈
r2
〉
+
− 〈r2〉
−
a2
)
,
(102)
where 〈
r2
〉
±
= 2π
∫ a
0
dr r3n±(r) (103)
are second moments of n±(r) inside the microgel.
D. Spherical Ionic Microgels
For a spherical microgel whose fixed charge is uni-
formly spread over its surface, with charge number den-
sity described by Eq. (71), the self-energy and microgel-
microion interaction energy are
Um =
Z2λB
2a
(104)
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and (to within a constant, independent of a)
Umµ = −ZλB
a
∑
i (ri≤a)
zi. (105)
Substituting Eqs. (104) and (105) into Eq. (85) yields
∆Pe =
ZλB
4πa4
(
Z
2
− 〈N+〉+ 〈N−〉
)
, (106)
where, for microion radial number density profiles n±(r),
〈N±〉 = 4π
∫ a
0
dr r2n±(r) (107)
are mean counterion/coion numbers inside the microgel.
For a spherical microgel with fixed charge uniformly
distributed over its volume [Eq. (75)], the self-energy is
Um =
3Z2λB
5a
(108)
and the microgel-microion interaction energy is
Umµ = −ZλB
2a
∑
i (ri≤a)
zi
(
3− r
2
i
a2
)
. (109)
Substituting into Eq. (85) yields (see ref. [34])
∆Pe =
3ZλB
8πa4
(
2
5
Z − 〈N+〉+ 〈N−〉+
〈
r2
〉
+
− 〈r2〉
−
a2
)
,
(110)
where
〈
r2
〉
±
= 4π
∫ a
0
dr r4n±(r) (111)
are second moments of n±(r) inside the microgel.
The expressions derived above for the electrostatic
component of the osmotic pressure of ionic microgels
are exact within the cell model, independent of PB the-
ory, as is the cell theorem for the pressure outside [24].
These expressions may be combined with any theory of
the counteracting gel component ∆Pg of the pressure to
predict equilibrium swelling behavior by determining the
radial swelling ratio for which the total osmotic pres-
sure vanishes. Recently, we analyzed swelling of ionic
microgels [34, 44] by applying the Flory-Rehner theory
of polymer networks [77–79]. The Flory-Rehner theory
predicts
∆Pg
4π
3
a3 =−Nm
[
α3 ln
(
1− 1
α3
)
+
χ
α3
+ 1
]
−Nch
(
α2 − 1
2
)
, (112)
where α ≡ a/a0 is the radial swelling ratio, defined as
the ratio of the swollen radius to the collapsed radius,
Nm and Nch are the numbers of monomers and chains
per microgel, and χ is the Flory solvency parameter. A
similar approach can be applied to ionic microgels with
any given distribution of fixed charge. Alternatively, our
general expressions for the electrostatic pressure may be
coupled with more accurate microscopic models of poly-
mer networks. Next we demonstrate that the exact sta-
tistical mechanical relations for the electrostatic pressure
confirm the relations derived from PB theory in Sec. IV.
VI. VALIDATION AND DISCUSSION
A. Planar Ionic Microgels
To validate the various expressions derived in Secs. IV
and V for the electrostatic component of the pressure of
a permeable ionic microgel, we solved the PB equation
in the cell model in planar, cylindrical, and spherical ge-
ometries. For ionic microgels with planar symmetry, we
solved Eq. (7) in Cartesian coordinates,
ψ′′(x) = κ2 sinhψ(x) + 4πλBnf (x), (113)
with boundary conditions ψ′(0) = ψ′(L) = 0 (impos-
ing electroneutrality). For a surface-charged microgel or
membrane, computing Pe(x) from Eqs. (57) and (61) con-
firms precise agreement with the corresponding exact re-
sult for the electrostatic osmotic pressure [Eq. (87)] when
the various expressions are evaluated using the microion
density profiles n±(x) resulting from solving Eq. (113).
For a volume-charged ionic microgel, evaluating
Eq. (64) yields a continuously varying electrostatic pres-
sure profile Pe(x). Interestingly, the value at the left wall,
Pe(0), exceeds the exact electrostatic osmotic pressure
[Eq. (93)]. Remarkably, however, the average of ∆Pe(x)
[Eq. (64)] over the gel width (or volume),
〈∆Pe〉 = σ
a2
∫ a
0
dx [ψ(a)− ψ(x)] , (114)
precisely agrees with Eq. (93), with the appropriate
choice of the microgel-microion reference potential U0(a).
We conclude, therefore, that the exact result for the elec-
trostatic component of the osmotic pressure inside a slab
of ionic gel with uniformly distributed volume charge
equals the average of the electrostatic osmotic pressure
profile predicted by PB theory in the planar cell model.
Typical numerical results for ψ(x) [relative to ψ(L)],
electric field E(x) = −ψ′(x), counterion density n+(x),
and electrostatic osmotic pressure ∆Pe(x) are shown in
Figs. 3-6, respectively, for planar microgels at T = 293 K
in deionized aqueous suspensions (λB = 0.714 nm) with
system parameters: swollen gel thickness a = 20 nm, re-
duced valence/unit area σ∗ ≡ σL2 = 10-30, cell width
L = 50 nm, and reservoir salt concentration cr = 10
−7
M. For surface-charged microgels, the electrostatic po-
tential and counterion density profiles exhibit cusps, and
the electric field and electrostatic pressure are discontin-
uous, at the outer edge of the gel. [The electric field
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FIG. 3. Reduced electrostatic potential ψ(x) (shifted to 0
at x = L) vs. distance x from left wall in a planar cell of
width L = 50 nm for (a) surface-charged, (b) volume-charged
planar microgels of swollen thickness a = 20 nm and reduced
valence/unit area σ∗ ≡ σL2 = 10, 20, 30 (solid, dashed, dash-
dotted curves) at T = 293 K in aqueous solution (λB = 0.714
nm) with negligible salt.
discontinuity is directly related to the electrostatic os-
motic pressure via Eqs. (59) and (61).] In contrast, for
volume-charged microgels, ψ(x) and n+(x) are continu-
ously differentiable, while E(x) and Pe(x) are continuous
at the surface of the gel. Note that the pressure (in kBT
units) equals the counterion density at the edge of the
cell. With increasing σ, all of the profiles vary more
rapidly with x and the electrostatic osmotic pressure of
the microgel increases.
B. Cylindrical and Spherical Ionic Microgels
For cylindrical and spherical ionic microgels with axi-
ally or spherically symmetric fixed charge distributions,
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FIG. 4. Reduced electric field −ψ′(x)L vs. distance x from
left wall of a planar cell for (a) surface-charged, (b) volume-
charged planar microgels with system parameters of Fig. 3.
we solved the PB equation in cylindrical (d = 2) and
spherical (d = 3) polar coordinates,
ψ′′(r) +
d− 1
r
ψ′(r) = κ2 sinhψ(r) + 4πλBnf (r), (115)
with boundary conditions ψ′(0) = 0 (radial symmetry)
and ψ′(R) = 0 (electroneutrality). Within Mathematica,
we used the NDSolve method to solve for the reduced
electrostatic potential ψ(r) in the interior (r ≤ a) and
exterior (r > a) regions and the FindRoot method to
vary the electrostatic potential at the interface ψ(a) to
match the solutions in the two regions.
For surface-charged cylindrical microgels, numerically
evaluating Eq. (68) yields precise agreement with the
exact relation [Eq. (97)]. Similarly, for surface-charged
spherical microgels, evaluating Eq. (74) yields pre-
cise agreement with the corresponding exact relation
[Eq. (106)]. Thus, our independently derived expressions
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FIG. 5. Counterion density n+(x) vs. distance x from
left wall in the planar cell model for (a) surface-charged, (b)
volume-charged planar microgels with system parameters of
Fig. 3.
for the electrostatic pressure inside surface-charged mi-
crogels agree precisely with each other, but not with the
prediction of ref. [76] for spherical microgels.
In passing, we note that our numerical solutions of the
PB equation for impenetrable cylindrical and spherical
charged colloids with surface boundary condition ψ′(a) =
4πλBσ confirm that Eq. (66) for cylinders and Eq. (72)
for spheres yield bulk pressures obeying the cell theorem
[Eq. (36)] and the derived integral relations [Eq. (40) for
cylinders, Eq. (51) for spheres].
For volume-charged microgels, our numerical solution
of Eq. (115) confirms that the electrostatic osmotic pres-
sure is nonuniform inside the microgel, increasing contin-
uously from the surface inward. Although the value at
the cell center, ∆Pe(0), exceeds the electrostatic compo-
nent of the exact electrostatic osmotic pressure [Eq. (102)
or (110)], quite remarkably, the average of the PB solu-
tion ∆Pe(r) over the microgel volume precisely agrees
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FIG. 6. Electrostatic component of osmotic pressure ∆Pe(x)
vs. distance x from left wall in the planar cell model for
(a) surface-charged [Eq. (59) or (61)], (b) volume-charged
[Eq. (64)] planar microgels with system parameters of Fig. 3.
Insets show profiles of normal component of pressure P‖
[Eq. (24)] and electrostatic [Eq. (27)] and gel [Eq. (25)] con-
tributions for reduced surface charge density σ∗ = 30.
with the exact relation. For a cylindrical microgel, the
volume average of Eq. (70),
〈∆Pe〉 = 2λ
πa4
∫ a
0
dr r[ψ(a) − ψ(r)], (116)
precisely agrees with Eq. (102), while for a spherical mi-
crogel, the volume average of Eq. (76),
〈∆Pe〉 = 9Z
4πa6
∫ a
0
dr r2[ψ(a)− ψ(r)], (117)
precisely agrees with Eq. (110). Thus, we conclude that,
quite generally for all geometries, the exact result for
the electrostatic component of the osmotic pressure of an
ionic microgel with uniformly distributed volume charge
equals the volume average of the electrostatic osmotic
pressure profile predicted by PB theory in the cell model.
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FIG. 7. Reduced electrostatic potential ψ(r) (shifted to 0 at
r = R) vs. radial distance r from axis of a cylindrical cell of
radius R = 50 nm for (a) surface-charged, (b) volume-charged
microgels of swollen radius a = 20 nm and reduced valence
per unit length λ∗ ≡ λR = 25, 50, 75 (solid, dashed, dash-
dotted curves) at T = 293 K in aqueous solution (λB = 0.714
nm) with negligible salt.
Illustrative numerical results for the reduced electro-
static potential ψ(r) [relative to ψ(R)], the reduced elec-
tric field E(r) = −ψ′(r), the counterion number density
n+(r), and the electrostatic osmotic pressure ∆Pe(r) are
shown in Figs. 7-10 for cylindrical microgels with reduced
valence per unit length λ∗ ≡ λR = 25-75 and in Figs. 11-
14 for spherical microgels with valence Z = 100-300 with
swollen radius a = 20 nm in a cell of radius R = 50 nm at
T = 293 K in deionized aqueous suspensions (λB = 0.714
nm) and salt reservoir concentration cr = 10
−7 M. Also
shown in Figs. 10 and 14 (insets) are the normal compo-
nent of the pressure and its electrostatic and gel contri-
butions, confirming radial variation of P‖(r) and Pe,‖(r).
The results are qualitatively similar to those obtained
in Sec. VIA for planar microgels. For surface-charged
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FIG. 8. Reduced electric field −ψ′(r)R vs. radial distance
r from axis of a cylindrical cell for (a) surface-charged, (b)
volume-charged microgels with system parameters of Fig. 7.
microgels, ψ(r) and n+(r) exhibit cusps at the microgel
surface, consistent with the Monte Carlo simulation data
of Scotti et al. [80] for the same model of spherical micro-
gels, while E(r) and Pe,‖(r) are discontinuous at r = a.
The electric field discontinuity is directly related to the
electrostatic osmotic pressure via Eq. (68) for cylinders
and Eq. (74) for spheres. In contrast, for volume-charged
microgels, ψ(r) and n+(r) are continuously differentiable,
consistent with the molecular dynamics simulation data
of Claudio et al. [31] and of Denton and Tang [34] for the
same model of spherical microgels, while E(r) and Pe,‖(r)
are continuous at the surface of the microgel. With in-
creasing λ or Z, the profiles all vary more rapidly with r
and the electrostatic osmotic pressure increases.
A notable difference between the results in planar and
curved geometries is that the normal component of the
total pressure P‖ is spatially uniform in the planar cell,
but nonuniform in the cylindrical and spherical cells.
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FIG. 9. Counterion density n+(r) vs. radial distance r from
axis of a cylindrical cell for (a) surface-charged, (b) volume-
charged microgels with system parameters of Fig. 7.
In curved geometries, P‖(r) can even become negative,
as long as ∇ · P = 0 [Eqs. (46) or (55)]. Of course,
the transverse component of the electrostatic pressure
Pe,⊥(r) [Eq. (12)] is strictly positive. Note that, while
the normal component of the electrostatic pressure (in
kBT units) equals the microion density at the edge and
center of the cell, where the electric field vanishes, the
electrostatic osmotic pressure is not equal to the pres-
sure difference, |Pe,‖(0) − Pe,‖(R)|, between the center
and edge of the cell, but rather depends on the variation
of Pe,‖(r) relative to P‖(r) inside the microgel. Thus, our
prediction for ∆Pe differs from that of ref. [76].
The validity of the results derived in Secs. IV and
V for the electrostatic component of the osmotic pres-
sure of ionic microgels is further confirmed by molecular
dynamics simulations of the primitive model previously
performed in a spherical cell with explicit monovalent
counterions for volume-charged spherical microgels [34].
Counterion density profiles extracted from these simula-
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FIG. 10. Electrostatic component of osmotic pressure
∆Pe(r) vs. radial distance r from axis of a cylindrical cell for
(a) surface-charged [Eq. (68)], (b) volume-charged [Eq. (70)]
cylindrical microgels with system parameters of Fig. 7. Insets
show radial profiles of normal component of total pressure P‖
[Eq. (44)] and electrostatic [Eq. (41)] and gel [Eq. (42)] con-
tributions for reduced linear charge per unit length λ∗ = 75.
tions and from the solution of the PB equation, when
used to explicitly evaluate the statistical mechanical re-
lation for the electrostatic osmotic pressure [Eq. (110)],
yielded excellent agreement, thus demonstrating the ac-
curacy of PB theory in the spherical cell model for sys-
tems with monovalent counterions and no salt.
To demonstrate the relevance of our analysis for
swelling of spherical ionic microgels, we present results
for the electrostatic component of the osmotic pressure
∆Pe vs. radial swelling ratio α. Figure 15 shows sam-
ple results for surface- and volume-charged microgels of
valence Z = 500, collapsed radius a0 = 10 nm, and col-
lapsed volume fraction φ0 = (a0/R)
3 = 0.02. Also shown
is the bulk pressure of the suspension P (R). With in-
creasing α (i.e., increasing volume fraction), ∆Pe mono-
tonically decreases, while P (R) steadily increases. When
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FIG. 11. Reduced electrostatic potential ψ(r) (shifted to 0 at
r = R) vs. radial distance r from center of a spherical cell of
radius R = 50 nm for (a) surface-charged, (b) volume-charged
microgels of swollen radius a = 20 nm and valence Z = 100,
200, 300 (solid, dashed, dash-dotted curves) at T = 293 K in
aqueous solution (λB = 0.714 nm) with negligible salt.
α reaches a value at which the normal components of
the electrostatic pressure and the gel pressure [e.g., from
Eq. (112)] are equal in magnitude, the total osmotic pres-
sure vanishes (i.e., P‖(r) is continuous) and the microgel
is in equilibrium [34]. The stable swollen size depends on
the distribution of fixed charge.
A microgel with fixed charge uniformly distributed
over its volume has an electrostatic component of the
osmotic pressure that is consistently higher than that of
a microgel with the same charge uniformly spread over
its surface. The difference is largely due to a higher
self-energy contribution to the electrostatic pressure for
volume-charged microgels. Thus, a volume-charged mi-
crogel attains an equilibrium swollen radius larger than
that of a surface-charged microgel with the same col-
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FIG. 12. Reduced electric field −ψ′(r)R vs. radial distance
r from center of a spherical cell for (a) surface-charged, (b)
volume-charged microgels with system parameters of Fig. 11.
lapsed radius and fixed charge. Simply put, volume-
charged microgels tend to swell more than surface-
charged microgels. Also clear from Fig. 15 is that the
pressure of a suspension of surface-charged microgels
systematically exceeds that of a suspension of equally
swollen volume-charged microgels.
Spatial uniformity of the gel pressure inside a surface-
charged microgel implies uniform stretching of the poly-
mer network and thus a uniform radial swelling ra-
tio. For volume-charged microgels, in contrast, Pg(r)
varies with radial distance, and thus the equilibrium
radial swelling ratio should be nonuniform. However,
nonuniform swelling would imply a spatially varying fixed
charge density, which in turn would modify the elec-
trostatic pressure profile. In previous work on swelling
of volume-charged microgels [34], we simply assumed
α to be constant. A more refined analysis would self-
consistently account for spatial variation of Pg(r) by al-
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FIG. 13. Counterion density n+(r) vs. radial distance r from
center of a spherical cell for (a) surface-charged, (b) volume-
charged microgels with system parameters of Fig. 11.
lowing α to vary with r and iterating between the elec-
trostatic and gel pressure profiles until convergence.
Finally, we attempt to achieve closer contact with
experimental measurements of osmotic pressure and
swelling of microgels. Figure 16 shows our predictions for
∆Pe and P (R) vs. α for a suspension of surface-charged
spherical microgels with system parameters roughly com-
parable to those in a recent experimental study of pNI-
PAMmicrogels [80]: valence Z = 5×104, collapsed radius
a0 = 65 nm, and collapsed volume fraction φ0 = 0.06.
(As α varies from 2-2.3, the swollen volume fraction φ
ranges from 0.48-0.73, remaining below close packing.)
Scotti et al. [80] estimated Z = 6.8× 104 based on mass
balance during the synthesis, although this value is likely
an upper limit, as it assumes complete dissociation of
the initiator, which is believed to be confined to the par-
ticle periphery. Over the range of α covered in Fig. 16,
∆Pe falls from roughly 25 to 10 kPa, while P (R) rises
from about 1 to 6 kPa, a range comparable to the pres-
sures measured by osmometry for this system [80]. At
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FIG. 14. Electrostatic component of osmotic pressure
∆Pe(r) vs. radial distance r from center of a spherical cell for
(a) surface-charged [Eq. (74)] (b) volume-charged [Eq. (76)]
spherical microgels with system parameters of Fig. 11. Insets
show radial profiles of normal component of total pressure
P‖ [Eq. (53)] and electrostatic [Eq. (52)] and gel [Eq. (42)]
contributions for valence Z = 300.
concentrations beyond close packing, steric interparticle
interactions should increase the pressure of the suspen-
sion [43, 44].
VII. CONCLUSIONS
In summary, we used two complementary methods to
derive fundamental relations, valid within the cell model,
for the electrostatic contribution to the osmotic pressure
of penetrable macroions, which are permeable to solvent
and mobile microions, with a given distribution of fixed
charge. In Poisson-Boltzmann theory, we obtained the
bulk pressure of a suspension by minimizing the semi-
grand potential functional with respect to the electro-
static potential. In mechanical equilibrium, the electro-
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FIG. 15. Exact electrostatic osmotic pressure of an ionic
microgel ∆Pe (red curves) and bulk pressure of suspension
P (R) (blue curves), in units of kBT/swollen particle volume
(v = 4pia3/3), vs. radial swelling ratio α for surface-charged
(dashed curves) and volume-charged (solid curves) microgels
with valence Z = 500, collapsed radius a0 = 10 nm, and
collapsed volume fraction φ0 = 0.02 in the spherical cell model
of a salt-free suspension.
static contribution to the normal component of the pres-
sure in the cell, obtained from the electrostatic pressure
tensor, must be balanced by a counteracting pressure act-
ing on the fixed charge, maintaining continuity of the to-
tal pressure. Our approach essentially disentangles the
electrostatic and gel contributions to the total pressure.
We applied the expressions derived from PB theory to
idealized models of ionic microgels. In a statistical me-
chanical approach, based on the Hamiltonian and par-
tition function, we varied the semi-grand potential with
respect to the thickness of a microgel slab or the radius
of a cylinder or sphere to obtain exact relations for the
microgel electrostatic osmotic pressure.
We presented explicit expressions for the electrostatic
osmotic pressure of planar membranes and of planar,
cylindrical, and spherical microgels with fixed charge uni-
formly spread over the particle surface or volume. These
expressions may be regarded as analogues for penetra-
ble macroions of the contact value theorem for planar
charged surfaces. In equilibrium, the normal compo-
nent of the electrostatic pressure Pe,‖(r) of a surface-
charged microgel is discontinuous at the surface, while for
a volume-chargedmicrogel, Pe,‖(r) is continuous, increas-
ing from the surface inward. In all cases, however, the gel
pressure acting on the fixed charge compensates Pe,‖(r)
such that the normal component of the total pressure
P‖(r) remains continuous. Our analysis demonstrates
that the electrostatic osmotic pressure of a cylindrical or
spherical microgel is not determined by the difference in
microion density between the center and edge of the cell,
but instead depends on the variation of Pe,‖(r) relative
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FIG. 16. Exact electrostatic osmotic pressure of an ionic
microgel ∆Pe (red curve) and bulk pressure of suspension
P (R) (blue curve), in units of kBT/v, vs. radial swelling ratio
α for surface-charged microgels with valence Z = 5 × 104,
collapsed radius a0 = 65 nm, and collapsed volume fraction
φ0 = 0.06 in the spherical cell model of a salt-free suspension.
System parameters are comparable to those of ref. [80].
to P‖(r) inside the microgel.
To validate our results, we numerically solved the PB
equation in the cell model with planar, cylindrical, and
spherical symmetries. We confirmed that, for surface-
charged microgels, the two approaches yield identical
pressures, while for volume-charged microgels, the exact
osmotic pressure precisely equals the volume average of
the spatially varying PB pressure. To illustrate the rele-
vance of our derivations for swelling of ionic microgels, we
computed counterion densities and electrostatic pressures
for typical experimental system parameters. Predicting
the equilibrium swelling ratio of an ionic microgel with a
given distribution of fixed charge requires adding the elec-
trostatic pressure to the gel pressure of the swollen micro-
gel, which may be independently obtained from simula-
tions or theory. Future applications to swelling of micro-
gels and other soft, permeable colloids may combine our
approach for modeling the electrostatic osmotic pressure
with theoretical and computational modeling of the gel
osmotic pressure in crosslinked polymer networks [81–83]
and polyelectrolyte gels [84–92].
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